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Abstract

Indirectly reconstructing distributed forces from measured structural response is necessary when the
direct measurement of these dynamic forces is not possible. An improved method for reconstructing
distributed forces is developed in this paper. Unlike the traditional modal method for force reconstruction,
the forcing spatial function is decomposed only over the known forcing region. Numerical simulations
illustrate that when compared with the traditional modal method, this new method tends to obtain better
reconstruction results while requiring fewer basis functions. A theoretical proof is provided to reveal the
applicability and limitations of this new method. It turns out that this approach, like other inverse methods,
can also be an ill-posed method. To address this issue, a regularization process is introduced to increase the
inverse stability. Numerical results show that when the regularization process is applied to simulated
response measurements that include noise, the new method is able to reconstruct spatially distributed
external forces with improved accuracy.
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1. Introduction

In characterizing the dynamic response of a structure, it is often desirable to know the dynamic
forces within the system. For a simple structure being tested in the lab, the force may be
considered as that due to an external shaker. In this case, one may use a force sensor between the
shaker and structure to measure the imposed force. When the force at a connection between two
substructures is of interest, though, the ability to measure these forces can only be achieved for a
few specific cases. For many structures, the introduction of a force sensor into the system can
upset the dynamic characteristics of the structure. As a result, the presence of the sensor affects
the force being measured. Furthermore, the installation of force sensors is often not feasible due
to geometric issues. To provide a means for determining the dynamic force when these
measurement limitations are present, various methods have been developed for indirectly
computing the dynamic forces from a measured response of structural motions. See Ref. [1] for an
overview of these approaches and Refs. [2–4] for more recent improvements to these approaches.
Although these methods have been shown to be convenient for a wide array of applications, there
are some basic assumptions that one must make when using these approaches.
The force reconstruction approaches developed thus far have various limitations when it comes

to characterizing the nature of the dynamic force. The primary limitation is the fact that most of
the approaches are limited to determining forces that are assumed to act at a single point on the
structure. When one is interested in the spatial nature of a force, such as at higher frequencies or
for more complex structural connections, these reconstruction approaches have very limited
usage. Cremer et al. [5] has shown in the study of an infinite plate that the point force assumption
is only valid when the dimensions of the contact region are less than approximately one-tenth of
the wavelength. At higher frequencies, the dimensions of the connection become comparable to
the wavelength and the force over the contact region can no longer be assumed to be uniform.
Consequently, a method for indirectly reconstructing spatially varying forces from measured
structural responses is needed. Two reconstruction approaches, based on the finite difference
method and the traditional modal method, have been developed to characterize distributed
dynamic forces [6]. The finite difference scheme requires a very accurate model of the structure,
including the governing differential equations and the boundary conditions. In most engineering
problems, the structures are so complicated that it is extremely difficult to formulate the governing
equations. Additionally, it is difficult to obtain an accurate description of the boundary conditions
for many cases. The other approach addressed in the above-mentioned work is referred to here as
the traditional modal approach. The traditional modal approach enables one to calculate the
distributed forces by projecting both the distributed force and the response functions into the
structural modal space, which is spanned by the structural modal functions. Although this method
does enable one to indirectly measure a spatially distributed force, a set of functions that span the
entire structure are used to describe a force that only spans over the contact region. As a result, a
prohibitively large number of basis functions is often needed to represent the forcing function with
acceptable accuracy. Consequently, this approach can be quite inefficient and is often not
practical.
To overcome the difficulties noted above, the research presented here describes the development

of an improved force reconstruction method that allows a more accurate estimation of the
distributed excitation force while requiring fewer basis functions to describe that force.
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A theoretical development is first presented and then numerical examples are provided to
illustrate the validity of this new experimental approach. Note this new method is developed with
the assumption that the excitation region is known a priori and the excitation force is a distributed
harmonic force. Nevertheless, the method could be extended to include multiple frequencies.
In the course of describing this new approach, it will be shown that the new method is an ill-

posed process, just like the traditional modal method [6]. Ill-posed problems for the inverse
process occur, as defined in Ref. [7], when the singular values decay gradually to zero and the ratio
between the largest and the smallest nonzero singular values is large. It is well-known that the ill-
posed problem can lead to inverse instability [8]. To address the potential problems associated
with instabilities in the new approach developed here, a regularization method is implemented.
The regularization method allows one to obtain a stable solution by adding appropriately selected
side constraints to the inverse formulation [8].
The primary focus of this work is to describe the formulation of the new spatial force

reconstruction method and compare this method with the traditional modal method noted above.
To that end, a brief review of the traditional modal method is given in the next section. Then, the
theoretical development and applicability proof are presented for the new method. Following the
discussion pertaining to the application of this new method, the regularization methods used to
increase inverse stability are discussed. Finally, some conclusions related to the application of the
method are presented. This work provides the development and study of a new method that will
be experimentally validated for a real structure in a future work.
2. Traditional modal method

This section provides an overview of the traditional modal force reconstruction method.
Although details associated with this method can be found in another work [6], a brief overview of
the technique is provided here for completeness and comparison purposes.
Suppose an external distributed conphase dynamic force, f(x, t), excites an arbitrary structure as

illustrated in Fig. 1. As in other works, the term ‘‘conphase’’ is used here to refer to a distributed
harmonic force for which each excitation point reaches the maximum or minimum value at the
same time. Also the coordinate vector xðx; y; zÞ defines a point on the structure, and t denotes
time. The relationship between the external dynamic force and the resulting vibratory response,
denoted n(x, t), can be written in the form

d½nðx; tÞ� ¼ f ðx; tÞ, (1)

where £[ � ] is a linear differential operator, and n(x, t) can be any physical quality, such as
acceleration, velocity, displacement, strain, or stress. For the sake of simplicity in this work, n(x, t)
will be used to denote the displacement. According to general modal theory [9], the response n(x, t)
can be expressed as a linear combination of modal shape functions

nðx; tÞ ¼
X1
i¼1

jiðxÞqiðtÞ, (2)

where ji(x) denotes the ith normalized mode shape function of the structure, and qi(t) is the
generalized modal coefficient. Suppose there is no damping in the structure for the sake of
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Fig. 1. Structure excited by a distributed force f (x, y, z, t).
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simplicity. By substituting Eq. (2) into Eq. (1) and using the orthogonal property of modal
functions, one can obtain the generalized equations of motion based on a structural modal
description as

mi €qiðtÞ þ o2
i qiðtÞ

� �
¼ f ;ji

� �
, (3)

where the modal mass mi, is defined as

mi ¼

Z
O
rðxÞ � ðjiðxÞÞ

2 dO, (4)

r(x) denotes the localized mass density of the structure and oi is the ith natural frequency. The
structure is defined to exist only over the domain O. The right-hand-side term of Eq. (3), which
describes the coupling between the forcing function and the modal functions, is defined as

f ;ji

� �
¼

Z
G

f ðx; tÞjiðxÞ dG, (5)

where G is the excitation area. Since the interest here is a conphase distributed force with a
harmonic dependence, this force can be represented in complex form as

f ðx; tÞ ¼ Re FðxÞejðotÞ
� �

, (6)

where Re( � ) denotes the real part of the function, and o is the circular frequency of excitation.
Note that f (x, t) is a conphase distributed force; hence it is always possible to select a beginning
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time such that F(x) is a real-valued magnitude function that only depends on position.
Substituting Eq. (6) into Eq. (5), the contribution of the spatial force component that excites the
ith spatial mode is obtained. Substituting the result into Eq. (3), one is able to obtain the
traditional modal formulation

mi � �o2 þ o2
i

� �
� qiðtÞ ¼ Re F ;ji

� �
ejðotÞ

� �
. (7)

For a known excitation, Eq. (7) can be used to determine the contribution of each mode shape,
qi, to the overall response. On the other hand, if one does not know the nature of the excitation,
one can first measure the response of the structure and determine the contribution of each mode,
qi, to that overall response [10]. Then, if the modal masses and natural frequencies are known, Eq.
(7) can be used to determine the value of /F,jiS. Although the value of the integral in Eq. (5) is
known, F(x) is still an unknown. If, however, a linear combination of the mode shapes is used to
describe the force, then the spatial nature can be found using the expansion

FðxÞ ¼
X1

i

F ;ji

� �
ji, (8)

where /F,jiS is found using from Eq. (5). This technique is referred to as the traditional modal
method for spatial force reconstruction.
Further examination of Eq. (8) shows that the traditional modal method has several limitations.

First, the forcing function is represented over a subspace that is spanned beyond its boundaries by
the continuous modal functions ji. As a result, if the forcing function is discontinuous, which is
usually the case at the boundaries of the forcing region, some spatial information of the external
forces is lost. This loss of information is due to the fact that only a limited number of modal
functions can actually be used in an implementation. Second, the modal functions have nonzero
values over the un-forced region. Even though the forced region is often known a priori, there will
be some residual component of the force description that spans over this nonforced region.
Furthermore, if the forced region is relatively small compared with the size of the structure, then
many modal basis function terms will be needed to describe the spatially varying force with
acceptable accuracy, which is impossible for some cases where the structural resonance for a mode
is far from the excitation frequency and thus signal-to-noise problems arise. As can be concluded
from this discussion, there are some important implementation issues that need to be considered
when using the traditional modal approach to indirectly compute the spatial force from a
measured response. To overcome these difficulties, the development of a new method is presented
in the following section. That method will address the issue associated with region over which the
force is defined by removing the restriction that the spatial nature of the force be described using
the mode shape basis functions.
3. Improved force reconstruction method

In the improved method for reconstructing spatially varying dynamic forces, the force and
response are represented using tailored sets of basis functions. Specifically, the external force and
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the resulting response are represented using the expansions

F ðxÞ ¼
XN

i¼1

W iwiðxÞ (9)

and

nðxÞ ¼
XN

i¼1

W iciðxÞ, (10)

respectively. The function wi(x) denotes the ith basis function that spans only the forcing space. Wi

is a common weighting coefficient such that ci(x) is the structural response directly resulting from
the corresponding forcing basis function wi(x) for each respective i. That is, a force described by
wi(x) with a unit amplitude will produce a dynamic response of ci(x) with a unit amplitude. It is
worth noting that although a single harmonic dependence is assumed here, this case can be easily
extended to multi-harmonic cases if a Fourier transform is applied. Additionally, forces for which
Wi vary with time can also be considered. For this case, the force can be treated as conphase for a
single time step, and then a Fourier transform can be applied to obtain multiple single harmonic
forces. Of course, ci constitutes a subset of the response space for the structure which depends on
frequency. It is worth noting that wi and ci are not necessarily structural modal functions.
Furthermore, once wi is specified, each corresponding response function ci can be represented
using a summation of structural mode shapes for convenience. As noted above, both the forcing
function F and response function n have the same weighting coefficients Wi since the system is
assumed to be linear. As a result, once the weighting coefficients are obtained by matching Eq.
(10) with a measured structural response, which can be obtained numerically from conventional
modal analysis, the external distributed force can be computed directly from Eq. (9). To determine
the weighting coefficients Wi, a curve-fitting method

GW ¼ B, (11)

is used, where G is the Gram matrix, consisting of the terms

Gij ¼

Z
O
ciðxÞcjðxÞ dO. (12)

The G matrix simply contains the inner products between ci and cj. Note that the orthogonality
property of the ci functions is not guaranteed. In a similar manner, Bi, which is the ith entry of
vector B, is the inner products between ci and n, such that

Bi ¼

Z
O
ciðxÞnðxÞ dO. (13)

Once G and B are known, then the basis function coefficients vector can be obtained by inverting
G such that

W ¼ G�1B. (14)

Once the ci functions have been determined, either through numerical or experimental studies,
then the above relationships can be used to compute the G and B matrices. Then, by using
Eq. (14) to find the Wi weights, the spatial force can be reconstructed from Eq. (9). It is worth
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noting that the responses over the excitation area can often be difficult to measure. However, if
the structure is relatively thin, such as for a plate, one can still measure the responses on the
opposing surface. For thick structures, though, one might use an interpolation method to obtain a
good approximation for those responses. Note that these approaches might also be applicable to
experiments utilizing the traditional modal method. Unlike the traditional modal force
reconstruction method described above, in the new method the wi functions are not required to
be modal functions. These functions must merely be functions for which a corresponding ci can
be found. To make the solution obtainable, however, it must be true that each ci resulting from wi

is linearly independent of all the other cj that result from the other wj. In order to validate the
applicability of this method, therefore, it is important to prove the linear independence of each ci

resulting from wi.
4. Theoretical proof

In order to assure the uniqueness of the solution found with this technique, it is necessary to
show the ability to invert the G matrix as well as determine the conditions under which the ci

functions are linearly independent. First, the issue related to the ability to invert G will be
addressed. In that discussion, the linear independence of the ci’s will be assumed. Once the
inversion issue has been addressed, then the conditions under which the linear independence of the
ci can be assured will be discussed.
To assure that the G matrix can be inverted, it is necessary to prove that G is a full rank matrix.

Assuming that the n ci’s are linearly independent, it can be shown that G is not rank-deficient. To
do this, the Gram matrix G is first written in the expanded form

G ¼

G1

G2

..

.

Gn

2
66664

3
77775 ¼

R
O c1c1 dO

R
O c1c2 dO � � �

R
O c1cn dOR

O c2c1 dO
R
O c2c2 dO � � �

R
O c2cn dO

..

. ..
. . .

. ..
.

R
O cnc1 dO

R
O cnc2 dO . . .

R
O cncn dO

2
666664

3
777775, (15)

where G1,G2,y,Gn are row vectors. If G is assumed to be rank-deficient, then one may also
assume that there exists a vector Gi that can be represented as a linear combination of
G1,y,Gi�1, Gi+1y,Gn, such that

C ¼ Gi � k1 G1 þ � � � þ ki�1 Gi�1 þ kiþ1 Giþ1 þ � � � þ kn Gnð Þ ¼ 0, (16)

where ki represents a constant. By substituting the appropriate rows of Eq. (15) into Eq. (16), it
can be concluded that

CT
¼

R
O c1 ci � k1c1 � � � � � ki�1ci�1 � kiþ1ciþ1 � � � � � kncn

� �
dx dy dzR

O c2 ci � k1c1 � � � � � ki�1ci�1 � kiþ1ciþ1 � � � � � kncn

� �
dx dy dz

..

.R
O cn ci � k1c1 � � � � � ki�1ci�1 � kiþ1ciþ1 � � � � � kncn

� �
dx dy dz

2
666664

3
777775 ¼

0

0

..

.

0

2
66664

3
77775, (17)
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since the multiplication order in the integrand is not important and the linear combination of the
integrals can be rewritten as the integral of the linear combination. The simultaneous equations in
Eq. (17) state that each function c1; c2; . . . ; cn is orthogonal with respect to the function
ci � k1c1 � � � � � ki�1ci�1 � kiþ1ciþ1 � � � � � kncn. This statement cannot be valid since ci �

k1c1 � � � � � ki�1ci�1 � kiþ1ciþ1 � � � � � kncn is in the space of c1;c2; . . . ;cn

	 

and it was

originally assumed in this discussion that the n wi’s are linearly independent. By this contradiction,
it can be concluded that if the n ci’s are linearly independent, then the G matrix is not rank-
deficient. Hence, G can be inverted. As a result, all of the issues related to this new force
reconstruction method hinge on the ability to show that the n ci’s are linearly independent. Before
providing a proof and stating under what circumstances these conditions are met, though, it is
first useful to give some relevant definitions.
The linear span, or closure j̄; of a set of structural modal functions fj1;j2; . . .g � Vj, is the set

of linear combinations

nðx; y; zÞ ¼
X1
i¼1

aijiðxÞ, (18)

that are contained in the structural response space Vj, where the ai is a constant coefficient. Note
that Vj contains all possible responses regardless of the actual input. Furthermore, wi and ci are
defined to be in the space

w1; w2; . . .
	 


� Vw, (19)

c1;c2; . . .
	 


� Vc, (20)

where Vw is the space of the driving force basis functions and Vc is the space of the structure
responses over the whole structure resulting from the local force wi’s. Notice that the response
space Vc must be contained within Vj such that

Vc � Vj (21)

since these responses can be represented using structural modal functions. The response functions
ci and excitation functions wi can be related by the integral

ciðxÞ ¼

Z
O

gðxjx0Þwiðx0Þ dx0 dy0 dz0, (22)

where g(x|x0) is the Green’s function relating the response at the location (x) to an input located at
(x0) at a single frequency. With these definitions in place, it is now easier to illustrate under which
conditions the ci’s are linearly independent.
Suppose functions c1;c2; . . . ;cn are linearly independent, but c1; . . . ;cn;cnþ1 are linearly

dependent. With this assumption, one can write

cnþ1 ¼ k1c1 þ k2c2 þ � � � þ kncn, (23)

where ki are again constants with at least one being nonzero. Substituting Eq. (22) into each term
of Eq. (23) and collecting terms, the identityZ

O
g x x0jð Þ w0nþ1 � k1w01 � k2w02 � � � � � knw0n

� �
dO0 � 0 (24)
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is obtained. In this relation a shortened notation w0i ¼ wiðx0Þ is used. Eq. (24) illustrates that the
Green’s function g and the function w0nþ1 � k1w01 � k2w02 � � � � � knw0n are orthogonal over the
domain O regardless of the choice of x. According to the reciprocity principle, gðx x0j Þ ¼ gðx0 xj Þ:
For a point force located at an arbitrary and non-fixed location x, therefore, g(x0|x) is interpreted
as the response at (x0). In general, this response due to this point force includes a summation over
all of the basis functions of Vj. Also depending on x, the Green’s function g(x|x0) can be any
function in space Vj. Suppose now that the force basis functions wi’s are selected such that

w1 ¼ rT1

j1

..

.

( )
þ P1;

..

.

wnþ1 ¼ rTnþ1

j1

..

.

( )
þ Pnþ1:

(25)

The n+1 coefficient row vectors, ri, are required to be linearly independent, Pi is a function that is
orthogonal to the response space, and j1;j2; . . .

	 
T
includes an infinite number of mode shapes. In

terms of a simply supported beam with a support at the origin, for example, j1;j2; . . .
	 
T

includes
the set of sine functions and Pi is a cosine function. Substituting Eq. (25) into Eq. (24), the identity
established in Eq. (24) will be violated. This violation can be demonstrated by the observation that
when Eq. (25) is substituted into Eq. (24), the integral on the left side of Eq. (25) is equal to

Z
O

gðx x0j Þ rTnþ1

j0
1

..

.

8<
:

9=
;� k1r

T
1

j0
1

..

.

8<
:

9=
; � � � � knr

T
n

j1

..

.

( )2
4

3
5 dx0 dy0 dz0

since each function Pi is orthogonal to the response space. In addition, if one considers the fact that
ri are linearly independent and the function g(x|x0) includes a summation over all of the basis
functions of Vj, then the integral depends on x and is not always zero. Consequently, the Green’s
function and the series

rTnþ1

j0
1

..

.

8<
:

9=
;� k1r

T
1

j0
1

..

.

8<
:

9=
; � � � � knr

T
n

j1

..

.

( )

cannot be orthogonal for different x. Therefore, the initial assumption that the (n+1) ci’s are
linearly dependent is violated. Eq. (25) provides the conditions under which the forcing functions
can be selected to guarantee the linear independence of the corresponding response functions. It is
worth noting that since j1;j2; . . .

	 
T
includes an infinite number of ji, r

T
i also has an infinite

number of elements. As a result the linear independence condition for the ri’s is possible to satisfy.
Although the conditions under which the linear independence of the response functions can be

assured have been presented, which also guarantees that the G matrix can be inverted, there is still
one implementation issue that needs to be addressed. This implementation issue is related to
inverse instability that is associated with ill-posed problems. In the next section, methods for
overcoming the inverse instability will be provided for a sample problem. Once that improvement
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has been addressed, the actual numerical study for that same problem will be provided in a
subsequent section.
5. Ill-posed problem and regularization method

Although the next section provides numerical results for a simple force reconstruction problem, it is
useful to first consider the formulation for that problem so that the ill-posed nature of the new approach
becomes evident. Furthermore, by understanding the ill-posed nature of the approach, a method for
circumventing that issue can be developed. Then, the improvement will be used in the numerical study of
the following section, to demonstrate its usefulness in stabilizing the force reconstruction solution.
Consider the case of a one-dimensional force reconstruction problem involving a simply

supported beam excited by a distributed force, as shown in Fig. 2. The Green’s function of the
beam is given by [11]

gðxjx0Þ ¼
2

M

X1
n¼1

sinðnpx0=LÞ sinðnpx=LÞ

o2 � o2
n

, (26)

where

M ¼ rssL (27)

and

on ¼ cb

I

s

� �1=2
np
L

 �2
. (28)

In these relationships, rs denotes the density of the structural material, s is the cross section area
of the beam, L is the length of the beam, and I is the second moment of area of the beam. The
quantity cb denotes the phase velocity of compressional waves in the beam

cb ¼
E

rs

� �1=2

, (29)

where E is Young’s modulus. Substituting Eq. (26) into Eq. (22), each response function ci(x) can
be found to be

ciðxÞ ¼
2

M

X1
n¼1

sinðnpx=LÞ

o2 � o2
n

Z L

0

sinðnpx0=LÞwiðx0Þ dx0. (30)
 

F ( x ) e j � t

0 1
�0 �1

Fig. 2. Schematic of the beam problem.
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Eq. (30) illustrates that ci(x) consists of an infinite number of structural modal functions.
However, further examination of Eq. (30) shows that at a specific frequency, ci consists mainly of
a few dominant modal functions due to the fact that term 1= o2 � o2

n

� �
decays quickly with

increasing difference between o and on. As o approaches on, ci(x) is dominated by only one
mode

ciðxÞ �
2

M
�
sinðnpx=LÞ

o2 � o2
n

Z L

0

sinðnpx0=LÞwiðx0Þ dx0. (31)

The lack of information provided by the absence of the other response functions, which will be
clearly demonstrated in the numerical study provided below, results in the inverse equation shown
in Eq. (14) being ill-conditioned. This ill-conditioned problem can be characterized as an ill-posed
problem that is analogous to that defined in the field of mathematics [8]. The ill-posed nature
ultimately leads to inverse instability. Note that this problem is also encountered in point force
reconstruction methods [2,3]. To address the issue here and reduce any inversion instability, a
regularization process is applied.
Based on the principle of the singular value decomposition (SVD) technique [12], the Gram

matrix G takes the form

G ¼ U � R � VH, (32)

where U and V are unitary matrices (also called Hermitian orthogonal matrices), VH is the adjoint
matrix of V, and S is a diagonal matrix whose elements are referred to as the singular values of
matrix G. For the current case, S has the form

R ¼ diagðs1; . . . ; snÞ, (33)

where s1, s2,y, sn are nonnegative singular values arranged in descending order, and diag(*) refers
to a diagonal matrix with the elements in parentheses located on the main diagonal. According to
Ref. [7], if
1.
 the singular values decay gradually to zero, and

2.
 the ratio between the largest and the smallest nonzero singular values is large,
that problem is called an ill-posed problem, which may lead to inverse instability. The inverse
instability means, in terms of Eq. (14) for example, that any random errors in the B vector defined
by Eq. (13) will be amplified if the discrete Picard condition [8] is satisfied. The discrete Picard
condition states that if the coefficients uTi B

�� �� on average decay to zero slower than the singular
values si, then any random errors in B will be amplified. The vector ui is the ith column vector of
matrix U.
To overcome inversion instability, Pezerat and Guyader [13] proposed two regularization

methods for the traditional modal force reconstruction method described earlier. These methods
are the truncated SVD (TSVD) method and the R.I.F.F. method, which is an acronym for a
French name that refers to a windowed filtered inverse regularization approach. In the present
work, a more powerful regularization method, referred to as the Tikhonov method [8], will be
proposed for increasing inverse stability in the new force reconstruction method. Note that the
Tikhonov method is a continuous method in contrast with the discrete TSVD method. Although
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this regularization method is widely used in other engineering applications, it has not been applied
to distributed force reconstruction problems before.
The key idea in Tikhonov regularization is to incorporate an a priori assumption about the size

and smoothness of the desired solution [8]. When applying this principle to the distributed force
reconstruction problem, one is able to get the Tikhonov form

min GWa � Bk k22 þ a2 Wak k22

	 

, (34)

where �k k2 denotes the second norm of the matrices, and Wa denotes the regularized solution that
is a function of the regularization parameter a. To select an optimum regularization parameter a,
a convenient graphical tool, the L-curve method, is applied. The L-curve method involves a plot
of the norm Wak k2 versus the corresponding residue norm GWa � Bk k2 on a log–log scale. For
most problems, the L-curve plot has an L-shaped appearance (hence its name) with a distinct
corner separating the vertical and the horizontal parts of the curve. The corner of this curve
represents the optimum regularization parameter a [7]. To accurately pinpoint the corner, Hansen
proposed using the point of maximum curvature as the optimum regularization parameter. To
obtain this point, define

X ðaÞ ¼ log GWa � Bk k
2
2

and

Y ðaÞ ¼ log Wak k22.

One selects the value of a that maximizes the curvature function

kðaÞ ¼
X 00ðaÞY 0ðaÞ � X 0ðaÞY 00ðaÞ

X 0ðaÞ2 þ Y 0ðaÞ2
� �3=2 , (35)

where (0) and ð00Þ denote the first and second differentiation with respect to a, respectively.
6. Numerical simulation

To illustrate the application of this new force reconstruction method, including the use of the
regularization method described in the previous section, a distributed force problem will be
studied numerically in this section. First, both methods will be applied for the purpose of
comparison. Then, white noise will be added into the simulated measurement response to study
the impact of measurement errors. It will be shown, as noted above, that the inverse process is an
ill-posed problem and therefore the noise is amplified. Finally, to address the error amplification
associated with this inverse instability, the regularization method described above will be applied.

6.1. Comparison of methods

Consider a simply supported beam excited by a distributed dynamic force as shown in Fig. 2.
The basic formulation for this system was given in Section 5. The geometry and material
properties of the beam to be considered in the study are listed in Table 1. The first several natural
frequencies of the beam, computed using Eq. (28), are listed in Table 2. Suppose that a distributed
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dynamic force oscillating at 732Hz, which is between the second and third natural frequency, is
located between x0 and x1 as shown in Fig. 2. Here x0 and x1 are 0.2 and 0.3m, respectively. In
order to evaluate the effectiveness of the new spatial force reconstruction technique, the forcing
basis functions, wi, first need to be selected. In this study, a series of Fourier functions are chosen
as the basis functions such that

wiðxÞ ¼

1; i ¼ 0;

cos
2 � i � p � x� x0ð Þ

x1 � x0
; i ¼ 1 � � � k;

sin
2 � i � kð Þ � p � x� x0ð Þ

x1 � x0
; i ¼ k þ 1 � � � 2k

8>>>>><
>>>>>:

(36)

for x0oxox1;, and

wiðxÞ ¼ 0

otherwise. Decomposing these functions into structural modal functions, it can be shown that the
basis functions in Eq. (36) satisfy the conditions such that the projection of the basis functions wi’s
into the space Vj are linearly independent as specified in Eq. (25). To illustrate the advantages of
this new force reconstruction approach over the traditional modal approach, two different cases
will be studied numerically. These cases will be referred to as Cases A and B. In each study,
experimentally measured data will be simulated using numerical results from an analytical
solution. In the simulation conducted here, 60 modes were used to construct fcig from Eq. (30).
Once a discretized response is obtained using the analytical formulation, the G and B terms in Eq.
(11) will be found via numerical integration (segment summation). In each case 101 evenly spaced
points are used for each of the integrations. Although the integration results might degrade, fewer
points can be used for the integration. In some of the studies discussed below, errors will be added
to investigate the potential effects of measurement noise and modeling errors.
Case A consists of the reconstruction of a dynamic force distributed uniformly over the forcing

region (e.g. a hat function) and at a driving frequency of 732Hz. Both the new and traditional
Table 1

The geometry and material properties of a simply supported beam

Young’s modulus, E (GPa) 206.8

Density, rs (kg/m
3) 7820

Beam span, L (m) 1

Beam thickness (m) 0.05

Beam width (m) 0.05

Table 2

Selected computed natural frequencies

Mode number 1 2 3 4 5 6 7 8 9

Frequency (Hz) 117 466 1049 1866 2915 4197 5713 7462 9444
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spatial force reconstruction methods are applied to indirectly calculate the characteristics
of the driving dynamic force. Fig. 3 shows the reconstructed results computed from the new
method and the previously discussed traditional modal method. Note for both methods, the
beam is discretized and simulated response data from 101 points is used to compute reconstructed
force. The new method, labeled ‘‘improved’’, incorporates one basis function to reconstruct
the external forces. The traditional modal method, on the other hand, was used with 1, 10 and 100
basis functions to reconstruct the force. The figure demonstrates that for the new method,
the reconstructed force is quite satisfactory. Although not illustrated here, the result
computed from more basis functions will not change for the new modal method due to
the fact that one of the basis functions matches the force distribution. For the traditional modal
method with an increasing number of basis functions, the reconstructed result improves.
However, even with 100 basis functions, the traditional modal method exhibits Gibbs phenomena
near the discontinuous positions at x0 ¼ 0:2 and x1 ¼ 0:3. Obviously, the improved method works
better here because one of the basis functions exactly matches the force distribution shape.
Nevertheless, the fact that the basis functions in the improved method only extend over the
forcing aperture also improves the accuracy. To examine these features in more detail, another
case is considered.
Case B consists of a triangular-shaped distributed dynamic force at the driving frequency of

732Hz. Again, both the new and traditional methods are applied to calculate the driving dynamic
force from the response at 101 locations. The identified results are plotted in Fig. 4. This time,
seven basis functions are used in the improved method, that is k ¼ 3 as in Eq. (36). The
reconstructed result found using the improved method is better than that for the traditional
method with 100 basis functions, as the difference between the exact solution and that of the new
method cannot be distinguished. In contrast, the reconstructed result found using the traditional
modal method is not zero over the un-forced region.
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Fig. 3. Uniformly distributed force: comparison of the reconstructed results for the improved method ( , one basis

function used) and the traditional modal method ( , one basis function used; , 10 basis functions used; , 100

basis functions used). Note 101 points are used to compute these results.
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Fig. 4. Triangular-shaped distributed force comparison of the reconstructed results for the improved method ( ,

seven basis function used) and the traditional modal method ( , one basis function used; , 10 basis functions used;

, 100 basis functions used). Note 101 points are used to compute these results.
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6.2. Application of the regularization method

From these two cases, one is able to conclude that in general, the new method is much more
efficient than the traditional modal method. However, the new method also requires an inverse
process (Eq. (14)) like the traditional modal method. Furthermore, a few of the structural modes
tend to dominate some of the terms in the matrix G. As a result, the inverse of G might lead to
error amplification problems as the dimension of G increases. This potential inverse issue is now
examined.
Fig. 5 shows the singular values si for a Gram matrix G of size 15� 15 to illustrate the trend of

the singular values. Note in this plot, k ¼ 7 in Eq. (36). Two observations can be made from the
plot of singular values. First, the singular values of the Gram matrix G decay gradually to zero.
Second, the ratio between the largest and the smallest nonzero singular values is 9.7� 1015. Based
on these observations and the definition in the proceeding section, one is able to conclude that this
problem is an ill-posed problem. Consequently, the results shown above may not be as good when
noise is present in the measured response. Fig. 6 shows the singular values si, coefficients uTi B

�� ��,
and the ratio uTi B

�� ��=si for increasing i. In this figure, plot (a) illustrates these values when the
response vector B given in Eq. (13) is not polluted by measurement error. That is, only errors
associated with the simulation of the data are present. It is observed that the coefficients uTi B

�� ��
decrease faster than the singular values si. Hence the ratio uTi B

�� ��=si is not increasing and a
regularization method is not needed. Plot (b) illustrates these changes when the vector B is
polluted by a Gaussian white noise with an arbitrarily chosen mean value of 5� 10�8 and a
standard deviation of 1. It is worth noting that the random noise is selected such that the norm of
the noise is less than that of the exact signal. For the sample data generated here, the average
signal to noise ratio is about 200. The plot shows that when the error is present in the B vector, the
coefficients uTi B

�� �� decrease slower than the singular values si. Hence the ratio uTi B
�� ��=si is
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increasing. Based on the statement of the Picard condition, therefore, the error in the B vector will
be amplified in the solution. Fig. 7 illustrates the reconstructed results computed from this
polluted data according to the conditions stated above. As expected, the errors in B are widely
amplified and propagate into the reconstructed forces.
To overcome this inversion issue of noise amplification, the regularization method described

above is implemented. The L-curve for the Tikhonov regularization is plotted in Fig. 8 and the
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optimum parameter of a ¼ 1:06� 10�7 is computed using Eq. (35). Using this optimum
parameter in the Tikhonov-based enhanced modal formulation, one is able to obtain the
reconstructed force as plotted in Fig. 9. Clearly, the error amplification in the inverse process is
significantly reduced and the reconstructed force matches the exact solution quite well. However,
the peak of the exact solution is a little bit larger than that computed from the regularized method.
This is due to the fact that the random errors are intermingled with the dynamic information.
Hence the complete eradication of the random errors is not possible. It is also worth noting that
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Fig. 7. Reconstructed triangle force with error present in B by using the improved method (_____, exact force

(peak ¼ 1N/m); _____, reconstructed force (peak ¼ 13 000N/m)). Note 101 points are used to compute these results.
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Fig. 9. Comparison between the regularized improved method and the exact solution (_____, exact force (peak ¼

1N/m); _____, reconstructed force). Note 101 points are used to compute these results.
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the modal functions used here are assumed to be clean. If the actual modal functions are polluted,
then fcig are polluted and the matrix G will also be polluted. In this case, other regularization
methods, such as total least square method, might be considered. Since the applicability of
different regularization methods is beyond the scope of this work, such methods will be discussed
in future papers.
7. Conclusion

This work presents a new force reconstruction method that can be used to determine
spatially distributed dynamic forces from measured structural responses. Unlike the traditional
modal force reconstruction method previously developed, where the forcing basis functions
are defined over the entire structure, the new method requires that the basis functions only
be defined over the finite region of the force. The new approach requires various selection
criteria of the forcing basis functions to ensure linear independence of the associated
response functions. When compared with the traditional modal method, both the theoretical
and numerical studies show that this new method is much more efficient. Like the traditional
modal method, the new method is also susceptible to an unstable inverse process that tends to
amplify any random errors in the measured structural responses. It was shown that this inverse
process belongs to the set of ill-posed problems. To deal with this problem, a Tikhonov
regularization scheme was applied to reduce the effect of the error amplification. Additionally, in
order to select the optimum parameter for the Tikhonov regularization, an L-curve principle was
applied. Numerical studies show that the regularization process works well in conjunction with
the new spatial force reconstruction method. The results of this study will be used in future
experimental efforts.
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